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EltomerDDS- be sweeth, and

⑫
consider the

syste

[,
For instance, H(p , q) = ((pk + ((q)+ + (g)A20

which leads to

g = p , ansider 1 cpc2

E j = -Aq (q)p-q proelens when
g =D !

By staderd Couchy theory
,

we know that VIP ,g) with

9 0
,
7 20 sti solution 5!

.

Moreover,

T
* = c ((g)2

-

P11)
.

& Do I ever hit -0 ! In good , yes

(ElAgk + (g(P) = - pp = #qgp-2p
So if A = id

, go-es , pot-ye ,
the everything is Id,

#
- increases in size

.

-I
9= 0

Claim: This is really more it happens for a set of-

Id . measure O When d = 2) .



-inveriotmeasures ⑫

Def : Let X be a Polish space (metric
, complete,

-

and suppose
that 00 EX. separael) .

I

We say that : RaoXX- X is a Bea flor
if
1. (0

, x) : R2o -> X is continuous
,

2. I (t
, d) =0 +20

,

3. 8t
,
320

,
ExeX, (t +, x) = (t, (s ,x)

4. (0 , x) =X + EX
-

3.(t, ) : X-X is a Bore-meas
. Lop .

De let t be o Barel mousar on XS03
,
and

suppose
that we have a Bor floret . We say that

ho is sub-invariant for the flows if for every
A- X 1903 Boe

,
AtzP,

↓ ((* ( , X) <A3) = ↓(A) .

Equivalently , 1x1503 (t, ))#N - N
·
VR : X1503 - IR ,

F20 , Bard-mos ,

· (F(& (t , x))dy(x) = ( F(x)dp(x) .

If = instead of 1
,

we say
that
I is imient.

Hass do we find (sub) - inviat measures!



⑭
let X = 1R & x1R& 0503

, suppose w =expl-Elp,g)
dog.

What is

at (F (p() , q(t) ep(-E(p, q))dpdd 10.
= ( XF (9) , p(t)) · (pg) exp(-Elp, pl)dpeg/to

= f (dpFo OpH- & pF : OqH) . exp(-Elp, g))dpda
O

-(F)[Pridgigi OpiH) ep(-E(p, q))dpde
· JF( & pH · GgE- &gH ·OpElep)-Elp, g))dpy-

Examples : E =P -> LD. measure OK
-

E = H us Gibbs measure OK-

In grand , if E (g(, p(t) 10 =
0
,

we get sub-inceriance
.

(where : 3 H is not sooth3).

~das was help Consider again the flors drore.

0 : exp(-H(g , p))dgep is a fork measure o

IROXIR% "Bod set" [03XIR & Define

X = ROXIR/03XIR , @ : = 503 XIR9



⑳
Since w(503 x 19) - O, then

p is also defined

on X
,
and sub-insert.

w(([12 ,
x) =3) .

= ↓(3 * ( * (x) =03)
+N(5 & (121(2 /+)) = 83
n[( ,+ +03

By sub-incrime
, <n([ & (2 , x) = 03) +↓(S*(**

= 03)
.

Ihm : (Bourgain's ironiet measur ergunt

Let I :
X+ R be a Boul flows , let or be

sab-irariant
,
und suppose

that

lim [p(((g , x) =3) = 0 .

2 -> O

Them N ([x@X:+z0s.t.Axo = 0 . Moreover
, if wis"E

firte ,

then h is incent.

If Note that
,

FI
,
T &O

,

& ( + +T , x) = 03 = G(, (t, x) = 03
=St (t, x) = 03 u

( (r, (+ ) =03n((t , x) +&3) .

Therefore,



↓ ([( ++ , x) = 03) = w((t , x) =03)
+N([(r, x) =03) .

Inductively , for + > 0,

w((( +, x) = 33)= (35(+ - y m) =93)
+↓((( *, x) = 03)

O

· nw( * (, x) = 03) + w((()=53)
-O as n -> x

. Therefore , n(((, x) = 03) :0.

Since E =&S(n , x=3 ,
the

w (E) = 0.

Inariance : suppose o first .

Then
, ESX Bor,

↓ (S* , Me S3) = ↓(S) big sal-immersiona

~ (SH, y =S3) = w((t, x) + 545033)

-n(SH,x)(2033) .

- (5'503) :

Therefore,

↓ (x) = w(((t,x) =S30((t, x) = Sa3)



-> n)[@(t ,x) + S3) + -(S* (t,x) = S' 15033)
· w(s) + n(S) ⑯

= w(X)
,
(x)= e +x

,I N-dx is subivariat,
so - must be true eerystore.

· E+=oblo, but~t ins
-

Cord In the exampleoboue , q (40 for a . e - po, to,

as long as 22 .

If let w = exp(-H(g , p)) da dp . We knows

that n (SgH =03)(3
↑

B
.

F
.

P.
Time

-
> N)3 <1912-p = +3)

↳ C t . Therefore , if I

We have that
Ed > 3 -p,

Edz2
+2 p([(t , a , p) = 03)

+ 2-150 as -0 . D

Afternoon : PDEs
.

Bourgain 194 : Consider 10
+ 0 =

- Do 0140
.

Then
, formally , write



H(v1 = + /10% + + 910"=//P+ /NoP
3

↓ /Lea+(#-ot

ven,
So &+ 0 · & In (iv) = -DIm o + 10In o

-
& In u = = & Re(iv) = -

NLS Hamiltonia
. Con we do the son with

geexp) = H(v) dRevd

~ (E)(vo -((v16) de d

----------Visi
-------

⑳
This let B be

or -dir. Boach space.

There exists me - fint meanswer on the Boral sets of B

sit
,

1. It is imociont by translations
,

2. 7 n20 st
.
O <

N /B(0 , 1)) < 0 .

Idea :

and ,ep1-
**, x2)dx is Gaussian ,

-



let ej be a basis of IR&st . Aej-Xjej. Let

gj -N CO
,
2) ·

Then let ②1

W = Lars (; jejx
the w=) p(ed(
If let

No (z)- exp) - 12)
= Lars ()(

It #z=jej
Have What ( + (x) dy() = [F(X)]
= [F([z)] = (F(z) dootz)

=a) F(z) exp) -][1) daj

=) #(x)exp)-[[
= (P(x) exp)- <Atx

,x)dx ,

Ed : Take d = 0
, A = -1) / 8 = <p7(10) dy



Work in Foucier basis
,

so A diagonal. ⑫
en: e

2inX

1-$)'dem :At=:
Ther

w = Lars (e.
Here fr = on +ibn ,

where er
,
bu-N10

,
1)
,
i
.
i
.

6.

Since Jlrkz0 , just need to shows that

Ellok] to defore the measure

#(Ir (x)dx = ( E(Tv(x)]
= [TII] + EITmoG])ox

We know that Reo(x) is Session , ELTROU= 0 . Therefore,

N(0, 2),x_ /" = 15
.

-/De v12

Fat: If 6 Goussion leven o dim)
,
and P polgrad

of degree a , PI2 , then

( (p(2)(P)"P1(-1)
% ((P(0)1)"

Going back
, 1Pis(IP(E)1 ? )"C .

Faso
.

Ell = El ein



③
- [Eng]ei

n
,m

=Emez&

Therefore , I fluid
=> The measure I is defined , and

g(2 (i) = Sexp)-hu/(dda(u)
-1

.

What about the fla ?

Lef (sobde spaces) let o R . We
say
that

feH if [cusig(n)1<
NEX

Faut : NLS is locally well-posed in HW for
-

& > O . This nears that for X = Ho0503
,

= B : R2o + X - X cont
,
in both variables

·

Moreover
,

V U 20
,

7
oo 20 , 2020, sit.-

(t
, x) = 0 = +) ↓ N

(H* 1 = 1
,

" =0

Tus (Bourgain '94) The measure g
is invecient for NLS

If Fix NEN large ,



let (TNf("() = Y(m)1 man.

Then RKCTN) = 2 N + 1 <oe ·

Consider the equation

id un = - Aun + In (know) on RITTN) .

This is Hamiltonian
,

so the Gibbs measure

sw(u) = exp( = ])(rw/
*

) ep(- k((q +(()
is sab-inoiat) - exp1-t/lo)Mad

d Re o Ano

Moreover
, /) (0(x) =(i)
- C1[f (0(x) - um(x)/(((x)+ (m(x)()]
-
> C((n()-un()/(x)|+al()) 1

-
> C( 10(x) - um(x)(3)

in

=C >
O

es
Ne

Therefore , op
to subs.

, on - U 0 .e. epflonly
-exply(10)

· ↳ (w) . Monover- Et Eit, Truo) -> E(t, 00



=> I is sale-inconfer Nor
,
we dock that

②s
3([(c , x) =&]) -> P .

We know (a
, x) =332[dz

= 5 Irw 12
2

=

-> (IIxIdg(x)

=d)
2

& Cs E

E : Optimising , we get
↳II+

,
vol 1148 Clublog (2+ t) a

. s.

Question : has good is this Cite Sun-Tretkar
· 21

BDNY 122

It slas that for a . e - initial data (according to w)
,

the floos is GKP.
How general is this.

Pb
. 1 :

What if the equation is not Howltonia !
-

-

e
. g.

:80 = -Du + 101* 0 + 9101.
Ph

. 2 : How good is N-o. e . intial data ?
-

On 12d the Lebesque measure is "canonical"
,

and every

"reasondle" operation presences &... For instance
,
E full

E XE fall , EXE full , Eax full , etc.



Not true in a dimension ! 2
.
6

Pop Consider
Us ~exp)-olis) . They on all

singular wrt each other.

If We find. Es sit
. NSCEs =0, but EstEs =6.

LLN : Es = Slim -All = 3
Have that

,
under wis,

2- 11 Izi (A)
* OllE = 25E>

= 2-2 In!

<N 2 Elgal = 4 ec,

Thruferr, Ns (Es) = C,
B

RR : The some shars that for X + 1 ,

wep(- * Kolis) to as !

This because ms : Las ( * Erain, ,
so lim 2 11 Tzi (1) * Ul =* 4 .

je

Question : What happens outside interiona ?
-



Def Sab-Quasiinvasion a ③↳

Let I be a Barel flaxs. We say
that a

measure por XoGissub-quasi-invariant under I f

↑Seco (+,((en) N -

- +z0
,

· Equindently ,
VE St.(E =0, EX1303,

~ ([x& (+, x) + E3 =0) .

· Equir: 7ft : XIS83 -IR Bord set.

VF : X- IR means F(0) = D ,

S F (t(t ,x))dw(x) = (f+ (x) F(x)dy(x).

Ih : Bourgain's invorist measure orgement.

Suppose that to is sub-quesi-incient for , let fr

as dease
, Suppose that I 1 < ps S

.
t.

· - 11f + 112P(p is locally banded

· Com & ((s , x) = d) =0 as se o
.

Geo

Ther V + 20 , w((t , x) =0) =0
.

Ifv (((t + i
, x) =03)

= w([(+, x)=3) +w(((t , x) +03n\(T, E(t,x)) =03)



= n([(t, x) =03) + (f + (x)23(5
, ) = az(x)dN(x)

= n(((, x) = c3) + 11f+1yp (w((T,. ) =03))
③

So
,
inductively

I

~ (St (t, x) =b)him f(+ =0

-Corf+p)(n() =03))
P

=O by Ass. D

Haas to shar anythingdeout the density?
Go back to ODEs .

j = b(y) ,

and suppose that be C5 : Let No
: (t,) No .

The

&+ ur = - div (bar) · CLiouville's equation !

If no : expl-E(x) dx , esoto hef Ne, and

(orfit wo = - & +00) : - div (bf +No)

: - dir (b)f+ No - (b-fr)No- (b - Vard It

= (b .E)-div (b) 8+ No - ( .5ft = : Ofo we
-↳ .oftno

- Off = -b .Yf + & It X transport equation



Now varidle : log (8+o (t,) ⑬
& logot ,)=

= ②

Then

f +0 (t,)(= exp)(@(s,xds)
if di(b)-P

= exp(E(f(t, x)) - E(x)) -

Jensen-type orgument :

11 8 + 11
= [85-2It do

= (8
*
&(t,) da

· (exp (41) @s, ) ds) do

- Sep1 )ds) d
n - 1

= (es)ds)



cem Y(d
③P

·i Sep (us,)ds)I
-
> supt (exp(p) (,) ds) It

- 18Seep()ds)) da
eto-the Suppose that 7 x eX1503 S . t . #R > O ,
-

· PO
, (ep) P@ + (1dc

or

·
7 (c) > 0

,
1 <C

,
st.

2. (epis dsPd,
2
. (ep) + )HBrody <

then pe is sub-quest s and tis If+1g is loc
· banda

Va

where

Er = [x = X 1503 : (t
, x) @Brt'st



⑪ C is important ! ③5

Ensider : u = -Au +luu

Ns ~exp) - & Kolli) = up (-tc EDP o, 02).

Q
= <(A) 0

,
-i lukos

= Im SIAASoJ lok

->I
Mymy+my-14=0

=[
n
,
- m2+my - mp =

0

E 101
- [

2s
+s -minee recrysus25

ConsiderInsl , Jual n L
, Ausle(al-M ,

2N
·
The

-[
dest

hi
2 Nd-222-4

E

Therefore , for d?2 , /DI" = c , but quasi-ino.

holds for every S32
,
5 = 1.



The : Qualitative
. /Quantitative CE. T

. /km . )
>

↓

Talkdsout Sun-Tolomeo-Tretro


